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Abstract The rise of topological phases of matter is strongly connected to their
potential to host Majorana bound states, a powerful ingredient in the search for a ro-
bust, topologically protected, quantum information processing. In order to produce
such states, a method of choice is to induce superconductivity in topological insula-
tors. The engineering of the interplay between superconductivity and the electronic
properties of a topological insulator is a challenging task and it is consequently
very important to understand the physics of simple superconducting devices such as
Josephson junctions, in which new topological properties are expected to emerge.
In this article, we review recent experiments investigating topological supercon-
ductivity in topological insulators, using microwave excitation and detection tech-
niques. More precisely, we have fabricated and studied topological Josephson junc-
tions made of HgTe weak links in contact with Al or Nb contacts. In such devices,
we have observed two signatures of the fractional Josephson effect, which is ex-
pected to emerge from topologically-protected gapless Andreev bound states.
We first recall the theoretical background on topological Josephson junctions,
then move to the experimental observations. Then, we assess the topological ori-
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gin of the observed features and conclude with an outlook towards more advanced
microwave spectroscopy experiments, currently under development.
1 Gapless Andreev bound states in topological Josephson
junctions
In this first section, we recall the basic ingredients of induced superconduc-
tivity in topological insulators. The broken spin rotation symmetry in these
systems results in the formation of a peculiar phase with a p-wave symme-
try. We briefly introduce an important consequence, namely the formation of
zero-energy Majorana states. We then focus on topological Josephson junc-
tions, which have been predicted to exhibit the fractional Josephson effect,
first identified by Fu & Kane [1, 2] as a signature of topological superconduc-
tivity.
1.1 p-wave superconductivity in 2D and 3D topological insulators
Proximity effect At the interface between a superconductor (S) of gap ∆ and a
normal (i.e. non superconducting) material (denoted N), the conversion of normal
current into supercurrent (carried by Cooper pairs) and vice-versa is mediated by
Andreev reflections. When an electron incident from the N side with energy ε < ∆
reaches the interface, a Cooper pair can be injected into the superconductor without
breaking charge or energy conservation when combined with the retro-reflection of
a hole with energy −ε . This mechanism is called Andreev reflection, and is a key
notion that governs the physics of two electronic states: ’superconducting’ and ’nor-
mal’ interacting by exchange of electrons at the interface. This quantum process is,
at the nanoscale of a Josephson junction, not localized at the interface. Its extension
is given by the so-called coherence length ξ = h¯vF∆ (vF the Fermi velocity in the
normal region) which measures, for a system without elastic scattering, how far cor-
relations between paired electrons penetrate into the normal side. As a consequence,
this length also naturally yields a proximity effect [3], i.e. the typical distance over
which superconductivity can be induced in a normal conductor by a superconductor
located nearby.
Induced p-wave superconductivity When a nearby conventional superconductor
induces superconductivity in a topological phase, the symmetries and properties
of the induced superconductivity are deeply influenced by the peculiar transport
properties in this phase. In a vast majority of experimentally relevant cases, su-
perconductivity is induced by a conventional superconductor (Al, Pb, Nb, NbTiN),
in which superconductivity arises from s-wave-paired electrons of opposite spins.
In contrast, spin rotation symmetry is broken in 2D and 3D topological insulators,
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since electrons have to abide the so-called spin-momentum locking: electrons with
opposite directions have opposite spins (in fact total angular momentum). Thus,
topological phases give rise to induced ”spinless” superconducting systems, since
only one fermionic species (rather than two) is present and forms Cooper pairs. In
other words, with spin rotation symmetry being broken in the topological phases, it
must also be in the induced superconducting states and a so-called p-wave super-
conducting state with odd parity emerges [4, 5, 6].
Majorana bound states Such a p-wave superconductivity has several conse-
quences, one of them being the existence of zero energy modes known as Majorana
bound states. In s-wave superconductors, the Bogoliubov quasiparticle operators
read γˆs = ucˆ†↑+ vcˆ↓ (where cˆσ are electron annihilation operators of spin σ =↑,↓),
for which γˆs 6= γˆ†s . In contrast, thanks to the lifted spin degeneracy, a p-wave super-
conducting state allows for excitations such that γˆp= ucˆ†+vcˆ. The famous condition
for Majorana excitations γˆp = γˆ†p can thus be fulfilled for u= v. While forbidden in
conventional s-wave superconductors, such states do exist in p-wave superconduc-
tors, and constitute the realization of Majorana fermions emerging in a condensed
matter system. They naturally lie at zero-energy due to electron-hole symmetry, and
localize at system boundaries and topological defects (such as vortices). One can
show [4] that they support non-abelian statistics, and as such hold promise for exotic
fundamental physics, and application to topologically protected quantum computa-
tion.
Given the properties of Majorana states, it is natural to investigate interfaces
between a topological phase in a normal state and a superconductor, for example
by tunnel spectroscopy. This route has led to intriguing observations of zero-bias
anomalies in nanowires with strong spin-orbit coupling, in which similar physics
should arise when a topological phase transition occurs under applied magnetic field
along the axis of the nanowire [7, 8]. In the remainder of the article, we focus on a
different approach to topological superconductivity, namely the study of Josephson
junctions in topological insulators (here HgTe, usually used for infrared detection
technology). We in particular address how precursors of Majorana states alter the
Josephson effect, and signal topological superconductivity.
1.2 Gapless Andreev bound states in 2D and 3D topological
insulators
The Josephson effect generically manifests itself as the occurrence of a phase-
difference dependent non-dissipative supercurrent in a weak link between two su-
perconductors. The nature of the weak link influences the properties of the supercur-
rent, which can thus serve as a probe of superconductivity. In mesoscopic systems,
in general short compared to the phase correlation length, the supercurrent and its
properties can be obtained by solving a scattering problem [9], with a weak link
represented as a scattering matrix, and at each ends, boundary conditions set by An-
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Fig. 1 Andreev bound states in 2D and 3D topological insulators – a) Conventional Andreev bound
states for different transmission coefficients D : D= 1 in red and D= 0.95,0.9,0.5 in blue. b) Gap-
less Andreev bound states in p-wave superconductors for the same transmissions c) Polar plot of
the transmission Dθ as a function of angle θ and scheme of a Josephson junction d) More realistic
picture of an Andreev spectrum with one topological mode (red) and two non-topological modes
(blue). Two possible relaxation mechanisms (ionization to the continuum, energy relaxation) are
depicted as grey arrows.
dreev reflections (together with normal reflection at the interface, because dissimilar
materials have different electronic properties [10]). A number of resonant states thus
form, called Andreev bound states, and their energies εn(φ) depend on the super-
conducting phase difference φ between the two conductors. Major differences occur
between the case of s- and p-wave superconductors [11]. We limit this discussion to
the short junction limit, for which the length L of the junction is much shorter that
the coherence length ξ .
Conventional Andreev bound states In a conventional Josephson system between
two s-wave superconducting reservoirs, Andreev bound states can generically be
written as
εs(φ) =±∆i
√
1−Dsin2 φ
2
(1)
where D is the transmission of the weak link in the normal state, and ∆i the
proximity induced gap. In Fig.1a, εs(φ) is represented, and shows that it is a 2pi-
periodic function of φ . An energy gap 2∆i
√
1−D is opened at φ = pi for any
D 6= 1. As will be seen below, the limit D→ 1 is singular: the spectrum becomes
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εs(φ)=±∆i
∣∣∣sin φ2 ∣∣∣, and the Andreev doublet is gapless, with εs(pi)= 0. This regime
is approached in superconducting atomic point contacts, that exhibit high trans-
parencies D > 0.99 [12, 13] and do not suffer from the use of dissimilar materials.
Besides, in conventional systems, each Andreev doublet is in fact doubly degenerate
as both spin species are active.
Gapless Andreev bound states in 2D topological insulators The Andreev bound
states which form in topological weak links exhibit some remarkable differences as
compared to the previous case, as shown in Fig.1b. Generically, in a 1D geometry,
Andreev bound states forming between p-wave superconductors read [11, 14] :
εp(φ) =±∆i
√
Dsin
φ
2
(2)
In the s-wave case, the transmission D determines the avoided crossing at φ = pi . In
contrast, in the p-wave case, an imperfect transmission D< 1 opens a gap at φ = 0
between the continuum and Andreev states, with an amplitude ∆i(1−
√
D).
Such bound states indeed describe the solutions of a weak link fabricated from a
2D topological insulator [2]. There, spin polarized 1D edge channels are responsible
for the electrical transport. In such a system, back-scattering is forbidden, as long
as time-reversal symmetry is preserved. Then, one finds D = 1, and the previous
equation results in a unique 4pi-periodic Andreev doublet with:
ε2D(φ) =±∆i sin φ2 (3)
The degeneracy at φ = 0 is then a manifestation of time-reversal symmetry. Con-
versely, when time-reversal symmetry is broken, the transmission is reduced (D <
1). The broken spin rotation symmetry results here in a lifting of the spin degen-
eracy: gapless Andreev bound states are not spin degenerate as opposed to their
conventional counterparts. The two states of the doublet correspond to opposite
fermion parities. The level crossing at φ = pi is a manifestation of topology and is as
such protected, and the gapless Andreev doublet (sometimes also called Majorana-
Andreev bound states) can in fact be seen as the hybridization of two Majorana end
states (see Section 1.1) bound at the two S-TI interfaces.
Superconducting Klein tunneling in 3D topological insulators The Andreev en-
ergy spectrum in the 2D geometry of surface states in a 3D topological insulator is
slightly richer. For a bar of width W , normal transport occurs through N =W/λF
modes, which results in N Andreev doublets in a Josephson junction (see Fig.1c).
For a wide junction, these doublets are indexed by the transverse momentum ky or,
equivalently, by the angle θ such that cosθ =
√
1− k2y
k2F
, and typically read as [15] :
ε3D(φ) =±∆i
√
1−Dθ sin2 φ2 (4)
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where Dθ is a θ -dependent transmission. This generalized 2D transmissivity reflects
the topological and Dirac nature of the charge carriers [15, 16], and can be written
as :
Dθ =
cos2 θ
1− sin2 θ1+Z2
(5)
where Z is a parameter characterizing the scattering (described here as a potential
barrier). This system intrinsically hosts a single 4pi-periodic mode together with
many 2pi-periodic ones which may simultaneously manifest in the Josephson re-
sponse of the device. Indeed, a single topological Andreev doublet occurs at trans-
verse momentum ky = 0,θ = 0 and is immune to back-scattering (thus has perfect
transmission) as Dθ=0 = 1 regardless of Z. On the contrary, a large number ≈ N of
non-topological oblique modes (ky 6= 0,θ 6= 0) have lower transmissions Dθ 6=0 < 1.
In that sense, the topological protection of the zero mode constitutes a superconduct-
ing analogue to Klein tunneling. Though the Andreev bound states are not protected
from scattering for θ = 0, they still feature the spin-momentum locking and may be
called helical just as the topological surface states.
Beyond the short junction limit The preceding results are all obtained in the limit
L ξ , which for a single transport channel results in a unique Andreev doublet.
Outside this regime, the situation is more complex, as more levels play a role in
transport, with a typical level spacing of ∆ξ/L. A schematic picture of a possible
spectrum is presented in Fig.1d. In experiments, the exact spectrum is not known,
and depends on parameters such as the length of the junction and the Fermi energy.
Nevertheless, most features remain valid. In particular, there is in both 2D and 3D
TIs a unique Andreev doublet with a protected level crossing at ε = 0 and φ = pi . It
consequently exhibits 4pi-periodicity. We refer the reader to references [2, 17] for a
more complete discussion.
1.3 Fractional Josephson effect
1.3.1 Conventional and fractional Josephson effect
Conventional Josephson effect An Andreev bound state of energy ε(φ) carries a
supercurrent, the amplitude of which is proportional to ∂ε∂φ . The so-called current-
phase relation expresses the relation between the supercurrent Is and the supercon-
ducting phase difference φ between the two (undisturbed) macroscopic quantum
phases of the superconductors on each side. It may be complicated when multiple
ABS contribute, but its simplest expansion is :
Is(φ) = Ic sinφ + higher harmonics (6)
with Ic the critical current of the junction, assumed to be a constant. The higher
harmonics can in some cases represent an important contribution (for example high
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transmissions D→ 1). The main point here is however that it remains 2pi-periodic
in φ . When combined with the second Josephson equation dφdt =
2eV
h¯ , it is clear that
a constant voltage V gives rise to an oscillating current Is(t) = Ic sin(2pi fJt), with
the conventional Josephson frequency fJ = 2eVh , which is currently the basis for the
voltage standard.
Fractional Josephson effect The presence of topologically protected Andreev
bound states with 4pi-periodicity is expected to manifest itself as a fractional
Josephson effect [11], by modifying the equations describing the junctions. Indeed,
the current-phase relation now fundamentally reads:
I2D/3D(φ) = I4pi sin
φ
2
+ I2pi sinφ + higher harmonics (7)
where I4pi and I2pi are two constants encoding the amplitude of the 4pi- and 2pi-
periodic supercurrents. The Josephson supercurrent then oscillates with frequency
fJ/2 = eVh , hence the name fractional Josephson effect [11].
The fractional Josephson effect should have two clear signatures. First, under
constant DC bias, the oscillating Josephson current should result in an observable
dipolar Josephson emission at fJ/2, typically in the GHz range as eh ' 0.5GHzµV−1
which can be measured and analyzed using rf techniques (see Section 3.1). Sec-
ondly, when phase locking occurs between the internal junction dynamics and an
external microwave excitation at frequency f , Shapiro steps [18] appear at discrete
voltages given by Vn = nh f/2e, where n is an integer step index. In the presence of
a sizable 4pi-periodic supercurrent, an unconventional sequence of even steps (with
missing odd steps), is expected, reflecting the doubled periodicity of the Andreev
bound states [2, 19, 20] (see Section 3.2).
1.3.2 Obstacles to the observation of the fractional Josephson effect
The above description must be carefully balanced out, as various phenomena can
alter this simple picture.
Relaxation and thermodynamic limit The previous signatures of the fractional
Josephson effect are based on the hypothesis that the occupation number of the gap-
less Andreev levels remain constant, so that I4pi is unchanged over the full duration
of the experiment. Due to quasi-particle poisoning or ionization to the continuum
(depicted as grey arrows in Fig.1d), the occupation of the 4pi-periodic fluctuates,
which in turn affects the periodicity of the Josephson effect.
For a time-independent phase φ , the occupation numbers reach the thermody-
namical limit, and only the lower branches of Andreev bound states at ε ≤ 0 are
populated. The current is then 2pi-periodic. It can indeed be shown that at equi-
librium I(φ) = e ∂ε∂φ
(
1−2 f (ε))∝ sin φ2 tanh( ∆i2kT cos φ2 ), where f is the Fermi-Dirac
distribution function. This is a 2pi-periodic function, and is in fact identical to the ex-
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pressions obtained for ballistic conventional Josephson junctions (D→ 1), and does
not highlight the topological character of the induced superconductivity [21, 22].
Experiments relying on out-of-equilibrium dynamics are thus useful to provide
evidence for the existence of gapless 4pi-periodic Andreev bound states on time
scales shorter than the equilibration time. Only on such short time scales can one in
principle observe doubled Shapiro steps, or the anomalous Josephson emission at
half the Josephson frequency fJ/2. We focus in the next sections on experiments fo-
cusing on dynamics the GHz range. We also refer the reader to several works on the
effects of relaxation mechanisms on the signatures of topological superconductivity
[2, 23, 24, 25, 26].
Coupling to the continuum Second, it is important to notice that time-reversal
symmetry should in principle impose a Kramers degeneracy point at ϕ = 0,2pi, ....
There, the gapless Andreev bound states are either connected to other Andreev states
or to the bulk continuum [2, 27]. Bulk quasiparticles are then produced as φ is
adiabatically advanced. This naturally leads to enhanced relaxation at these points,
and suppresses the dissipationless and 4pi-periodic character of the supercurrent,
thus restoring a 2pi-periodicity.
Surprisingly, these degeneracies are modified when electron-electron interactions
are taken into account in a many-body picture. Then, the many-body Andreev spec-
trum is reorganized and gives rise to an effective 8pi-periodic supercurrent when
combined with electron interaction [28, 29, 30, 31, 32]. In that case, instead of the
4pi-periodic fractional Josephson effect, one may expect to observe an 8pi-periodic
Josephson effect, with Shapiro steps only visible with index n ≡ 0 mod 4, or emis-
sion at a quarter of the Josephson frequency fJ/4.
Landau-Zener transitions Another important caveat is the possibility of Landau-
Zener transitions (LZT) between Andreev bound states near an avoided level cross-
ing. When the voltage V or equivalently the frequency f are sufficiently high, LZT
can mimic an effective 4pi-periodic Josephson effect, while the spectrum of Andreev
states remains gapped, with only a small avoided crossing at φ = pi [33, 25, 34].
Such LZTs have previously been observed in single Cooper pair transistors [35] and
can in principle be distinguished from an intrinsic fractional Josephson effect by a
strong voltage dependence of the emission or Shapiro step features.
In Section 4, special attention will be given to assessing the topological origin of
the observed fractional Josephson effect and the role of the aforementioned mecha-
nisms.
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Fig. 2 Band structures of HgTe-based 2D and 3D topological insulators from k.p simulations – a)
Strained HgTe layer of 70 nm : bulk 3D states are pictures in black, while 2D topological surfaces
states appear in blue b) HgTe quantum well of 7.5 nm: bulk 2D states appear in black, while 1D
topological edge states (not simulated) are indicated in blue.
2 HgTe-based Josephson junctions and experimental techniques
Here, we first briefly introduce the reader to the geometry, fabrication and ba-
sic properties of the devices. In particular, we show how we estimate parame-
ters such as the induced gap ∆i and the coherence length ξ . Then, we describe
the setups operated to measure the response to ac excitations (Shapiro steps)
or capture Josephson emission. Given their high mobilities and low intrinsic
electron densities, we argue that HgTe-based 2D and 3D topological insu-
lators thus appear as ideal base material to fabricate topological Josephson
junctions and observe the manifestations of topological superconductivity. Fi-
nally we conclude this section with a presentation of the experimental setups
which allow for a simple, fast and reliable measurement of the devices.
2.1 Fabrication of HgTe-based Josephson junctions
The junctions are fabricated from epitaxially grown layers of HgTe on a CdTe sub-
strate for which the mobility and carrier density are evaluated from a Hall-bar pro-
duced separately prior to the fabrication of Josephson junctions. Both 2D and 3D
topological insulators can serve as weak links in Josephson junctions. However,
these early devices made of 3D topological insulators suffer from lower mobilities
caused by the absence of protective capping layer (CdHgTe), and from the absence
of gate electrode to tune the electron density [36, 37, 38]. We briefly review below
the main characteristics of the different devices.
Strained HgTe as a 3D topological insulator The 3D topological insulators (TI)
are obtained from coherently strained undoped HgTe layers of 60 to 90 nm thick-
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ness. The band inversion of HgTe enforces the existence of topological surface
states, while strain opens a gap (εg ' 20meV) in the bulk of the material [39].
A typical band structure is shown in Fig.2a for a strained 70 nm-thick HgTe layer.
In previous works, we have proven the high quality of the topological states in this
material [40, 41] and notably they entirely dominate electron transport up to very
large electron densities [42, 43]. In the many devices tested, we find typical densities
of n3D = 3−7×1011 cm−2 and mobilities of µ3D = 1−3×104 cm2 V−1 s−1. From
these values, we calculate a mean free path of l3D ' 200nm.
HgTe quantum wells as a 2D topological insulator New lithography processes
have enabled to fabricate Josephson junctions from thin quantum wells of HgTe,
sandwiched between barrier layers of Hg0.3Cd0.7Te grown on a CdZnTe substrate
[44]. As depicted on Fig.2b, for thicknesses above a critical thickness dc ' 6.3nm,
topological edge channels are expected between the conduction and valence band,
separated by a small gap εg, with εg ' 10− 30meV depending on growth param-
eters. The existence of topological edge states has been proven via transport mea-
surements [45, 46, 47] and scanning-SQUID imaging [48]. The typical densities are
n2D = 1−5×1011 cm−2 with mobilities µ2D = 3−5×105 cm2 V−1 s−1. As a con-
sequence, 2D devices are expected to have a larger mean free path of l2D ' 2µm
compared with the thick 3D layers.
Remarkably, it is possible to grow thinner quantum wells (d < dc) that do not
exhibit a band inversion, and consequently do not host any topological edge chan-
nels. Outside of the gap region, such layers are extremely similar to thick quantum
wells, and exhibit the same typical densities and mobilities. They are as such ideal
reference samples to benchmark the experimental techniques and observations in a
trivial system. We will refer to such a reference sample in the rest of the article.
Geometry of the Josephson junctions The layout of the Josephson junctions is
shown in Fig.3 and is similar for both 2D TIs, 3D TIs and reference samples (apart
from the absence of the gate and protective cap layer on the 3D sample). A rectan-
gular mesa of HgTe is first defined. First the oxide and capping layers are etched,
before superconducting contacts are deposited on the HgTe layer. Niobium has been
sputtered on 3D TI samples, while Al is used with standard evaporation techniques
on 2D TI and reference samples. Upon the latter, a metallic gate electrode of Au is
added between the Al contacts on an HfO2 dielectric layer grown via Atomic Layer
Deposition (ALD) to control the electron density.
The superconducting stripes have a width of 1 µm. The HgTe mesa has a width
W = 2− 4µm, determining the width of the weak link. In 3D topological insula-
tors, it is advantageous to narrow down the mesa so as to reduce the number of bulk
modes with ky 6= 0, while in contrast a large mesa reduces the overlap of edge chan-
nels on opposite edges in 2D samples [49]. The length of the junctions have been
varied between L= 200nm and 600 nm.
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Fig. 3 Experimental realization of a HgTe-based topological Josephson junction – Artist view (a)
and colorized SEM picture (b) of a junction. The HgTe 2D topological insulator (in mauve) is
sandwiched between two layers of Hg0.3Cd0.7Te (in blue). The Al superconducting contacts are in
dark purple while the gate is in yellow and rests on a thin dielectric layer of HfO2 (dark green).
Devices realized on 3D TIs are similar, without the top-gate and the Hg0.3Cd0.7Te protective top
layer.
2.2 Basic properties of HgTe-based Josephson junctions
Before moving to measurements specific to the fractional Josephson effect, the study
of the I–V curves of the junctions under DC bias provides some information on the
microscopic parameters of the junctions, that we review in this section.
I–V curve of Josephson junctions As mentioned earlier, the junctions based on
3D TIs do not have a gate, and their electron density is such that the number of
transport modes lies typically between N = 50 and 200, depending on the sample
width (with variations of about 30% for a given dimension). A typical I–V curve is
presented in Fig.4a, and shows the expected behavior of a Josephson junction with
a critical current of Ic ' 5µA. It exhibits hysteresis, as commonly reported [37].
We believe that the hysteresis is an intrinsic ingredient of mesoscopic Josephson
devices, which reflects the difference in the Josephson current amplitude in the static
(DC) case compared to the dynamic (AC) case [50, 51].
In all devices, an excess current in the I–V curve is clearly visible, with an asymp-
tote which does not go through the origin but is shifted towards higher currents. This
excess current reflects the high probability of Andreev reflections in an energy win-
dow near the superconducting gap [10, 53], and underlines the high quality and
reproducibility of our devices in line with previous observations [37, 38, 54].
An important parameter of the junction is the amplitude of the induced supercon-
ducting gap ∆i. We have resorted to the study of the temperature dependence of the
critical current and obtained estimates on the order of ∆i = 100− 350µeV < ∆Nb,
but with a large uncertainty given the lack of adequate theories [15]. The relevant
coherence length for the quasi-ballistic weak link is then estimated ξ =
√
h¯vFl
pi∆i
in the
range of 250 to 550 nm, and is compatible with our observations of the decay of Ic
with length. The 3D junctions are consequently in an intermediate regime l ∼ ξ ∼ L,
which is particularly hard to model, as the junctions reach neither the short (corre-
sponding to L ξ ) nor the ballistic (L l) limit.
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Fig. 4 DC characterization of HgTe-based Josephson junctions – a) Junction with a 3D topological
insulator : I–V curve of a Josephson junction fabricated from a 3D TI, taken at base temperature
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upward and downward sweep direction. b) Junction with a 2D topological insulator : critical current
Ic (red line) and normal state resistance Rn (blue line) as a function of gate voltage Vg. The red,
gray and blue arrows summarize the ranges where we observe the anomalous Josephson effect
properties. The arrows are thicker where the emission at fJ/2 and the even sequences of Shapiro
steps are the most visible. Panel a adapted from [52]
Similarly, the study of I–V curves for 2D weak links that ∆i ' 40µeV, com-
patible with the gap of the Al contacts (∆Al ' 100µeV). Our junctions are con-
sequently in an intermediate length regime L ∼ ξ , given the estimated coherence
length ξ ' 600nm, but reach the ballistic limit L l owing to the large mean free
path l > 2µm.
Mapping to the band structure in 2D topological insulator junctions The pres-
ence of a gate however enables to vary the electron density and to identify differ-
ent transport regimes from the normal state resistance Rn and the critical current
Ic. In agreement with the band structure presented in Fig.2b, we distinguish three
regimes. For gate voltages between Vg = −1.1V and 0 V, Rn is low (below 300Ω)
and Ic is large (above 200 nA). This signals the n-conducting regime, with a high
mobility and high electron density in the plane of the junction. For gate voltages
below Vg = −1.7V, the normal state resistance tends to decrease slowly, indicat-
ing the p-conducting regime with a significantly lower mobility. The critical current
Ic lies however below 50 nA. Between these two regimes, a peak in Rn (maximum
around 1.5kΩ) and the quasi-suppression of Ic indicates the region where the QSH
edge states should be most visible. The peak value of Rn is however much lower
than the quantized value h/2e2 ' 12.9kΩ, and underlines the presence of residual
bulk modes in the junction [55].
We here like to point out that the trivial narrow quantum wells used for reference
samples exhibit a similar gate dependence for Ic and Rn. On the short length of the
junctions, the gapped region (intermediate gate range) is not strongly insulating,
maybe due to percolation transport due to disorder and residual charge puddles. In
contrast, the gap region is observed to be strongly insulating on larger devices such
as the Hall bars used for characterization of the layer properties.
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The observations on 2D topological insulator junctions can be further validated
by scrutinizing the response to a magnetic field perpendicular to the plane of the
junction. Then the superconducting phase difference φ becomes position depen-
dent [56], a property which helps revealing the spatial supercurrent distribution
through modulations of the critical current Ic. When the electron density is high
and the current flows uniformly in the 2D plane of the quantum well, the junction
exhibits a conventional Fraunhofer pattern of the critical current versus magnetic
field, that rapidly decays as the magnetic field increases. This indicates the n- and
p-conduction regimes, respectively forVg>−0.9V andVg<−1.8V. In contrast the
diffraction pattern is similar to that of a (DC) SQUID for Vg between −1.8V and
Vg = −0.9V. It demonstrates that a large fraction of the supercurrent flows along
the edges of the sample [55], as expected in the presence of QSH edge channels. We
refer the reader to Ref.[57] for a detailed discussion.
2.3 Experimental setups
Microwave setup for Josephson emission The simplest and most direct technique
to measure Josephson radiation consists in measuring, after amplification, the emis-
sion spectra of the junctions with a spectrum analyzer. To this end, the junction is
connected to a coaxial line and decoupled from the dc measurement line via a bias-T
(see Fig.5b). The rf signal is then amplified at both cryogenic and room temperature
before being measured with a spectrum analyzer. The commercial rf components
used in the readout line for our measurements limit the frequency range of detection
to approximately 2-10 GHz. In spirit, this approach is similar to early measurements
of Josephson emission using narrow-band resonant cavities [59, 60], but with ex-
tended bandwidth thanks to microwave cryogenic amplifiers [61]. It contrasts with
measurements using tunnel junctions as detectors [62, 63, 35]. This technique has
the advantage of even wider bandwidths, but rely on the numerical deconvolution
of modified I–V characteristics of Al tunnel junctions, the interpretation of which
being difficult in some cases [64].
Microwave excitation for Shapiro steps The formation of Shapiro steps can be
easily observed in the dc I–V characteristics when a Josephson junction is under rf
excitation. The latter can be provided using either an open-ended coaxial cable (the
end of which is placed a few millimeters from the sample), or by micro-bonding a
lead to a microwave line, for example via a directional coupler (see Fig.5) to enable
measurements of Josephson emission and Shapiro steps with a unique setup. In both
geometries, frequencies in the range of 0 to 15 GHz are easily accessible, but the rf
power supplied to the sample can not easily be calibrated.
DC bias circuit An essential requirement for these measurements is to obtain a
stable DC biasing of the junctions. We found that instabilities and hysteretic be-
havior occur at low voltages [65, 57] and therefore employ a small resistive shunt
RS (between 1 and 50Ω) to enable a stable voltage bias. A small resistance RI in
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Fig. 5 Simplified setups for the Josephson emission measurements – a) DC bias circuit, with a
shunt resistance RS to achieve a stable voltage bias and a resistance RI to access the voltage V and
current I. The rf signal is coupled to the amplification scheme via a bias-tee b) Microwave ampli-
fication and detection setup, with cryogenic HEMT and room-temperature microwave amplifiers
and a directional coupler to allow measurements of Shapiro steps and Josephson emission with a
unique setup. Adapted from [58].
series with the junction can be included to enable the measurement of the current I
through the junction (Fig.5a). With an adequately filtered fridge, we have been able
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to observe stable emission features down to about 1 GHz and Shapiro steps down to
circa 500 MHz.
3 Experimental observation of the fractional Josephson effect
In this section, we review the first observation of the fractional Josephson ef-
fect in the topological Josephson junctions based on HgTe, both in 2D and 3D
topological insulators. We juxtapose the results obtained in the two systems to
highlight their similarities, and compare them to the reference situation pro-
vided by a quantum well in the trivial regime.
3.1 Observation of Josephson emission at fJ/2
3.1.1 Conventional Josephson emission
We first focus on the investigation of Josephson emission. As a reference, we first
discuss the case of the narrow HgTe quantum well in the trivial regime (Fig.6, first
line). In the first panel (Fig.6a), the blue line indicates the I–V curve of the device.
At zero bias on the junction, a background noise originating from black body ra-
diation and parasitic stray noise from the environment is observed. It is subtracted
from all measurements to isolate the contribution of the junction. When the junction
is biased, a finite voltage V develops and the contribution of the junction appears,
and is plotted as a green line. The observed peak in the emission at V ' 6µV corre-
sponds to the matching of the detection frequency fd with the Josephson frequency
fJ ' fd = 3GHz. Sometimes, a second peak is observed at half this voltage, in-
dicating a weak second harmonic at 2 fJ. The proportionality of fJ with V can be
further verified by varying the detection frequency fd , as shown in Fig.6b. A single
emission line is observed, and fits perfectly with the theoretical prediction fJ = 2eVh .
This constitutes the expected signature of the conventional Josephson effect, as al-
ready observed in the early days of Josephson physics [59, 60]. Besides, by varying
the critical current Ic (with the gate voltage Vg), we verify that the amplitude A of
the collected signal is proportional to A ∝ Ic with good agreement [66], and conse-
quently reaches its minimal amplitude in the gap region.
3.1.2 Fractional Josephson emission
In strong contrast, the junctions fabricated from 2D and 3D topological insulators
reveal a strong emission peak at half the Josephson frequency fJ/2 (Fig.6, second
and third lines). This constitutes the most direct evidence of a 4pi-periodic supercur-
rent flowing in these junctions [23].
16 E. Bocquillon et al.
Frequency f [GHz]
V
o
lt
a
g
e
V
[µ
V
]
A
m
p
litu
d
e
A
[a
.u
.]
C
u
rr
en
t
I
[µ
A
]
Voltage V [µV]
C
u
rr
en
t
I
[µ
A
]
Voltage V [µV]
A
m
p
litu
d
e
A
[a.u
.]
C
u
rr
en
t
I
[µ
A
]
Voltage V [µV]
A
m
p
litu
d
e
A
[a.u
.]
Frequency f [GHz]
V
o
lt
a
g
e
V
[µ
V
]
V
o
lt
a
g
e
V
[µ
V
]
Frequency f [GHz]
a)
c)
e)
b)
d)
f)
fJ
<latexit sha1_base64="GJcfG17hgyf1zdIzTqd1/iL0jIQ=">AAAC9XicjVLLSsQwFD3W1/gedemmOAiuho4I6m7QjbhScHygIm3NaLAv 0lSUYb7CrboSt36Pf6DgR3gSK/hANKXpybnn3PTmJsgimWvPe+pxevv6BwYrQ8Mjo2PjE9XJqZ08LVQoWmEapWov8HMRyUS0tNSR2MuU8OMgErvB+ZqJ714Ilcs02dZXmTiK/dNEtmXoa1L77ePOoYrdje5xtebVPTvcn6BRghrKsZlWX3GIE6QIUSCGQAJNHMFHzucADXjIyB2hQ04RSR sX6GKY3oIqQYVP9pzzKVcHJZtwbXLm1h1yl4ivotPFHD0pdYrY7ObaeGEzG/a33B2b0/zbFb9BmSsmq3FG9i/fh/L/vpwVF6xFUnn5R9UabSzbaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGFfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQuN743+C1kJ9pd7YWqw1V8s7UcEMZjHP xi+hiXVsosXUMa5xg1vn0rlz7p2Hd6nTU3qm8WU4j2+qBpv9</latexit><latexit sha1_base64="GJcfG17hgyf1zdIzTqd1/iL0jIQ=">AAAC9XicjVLLSsQwFD3W1/gedemmOAiuho4I6m7QjbhScHygIm3NaLAv 0lSUYb7CrboSt36Pf6DgR3gSK/hANKXpybnn3PTmJsgimWvPe+pxevv6BwYrQ8Mjo2PjE9XJqZ08LVQoWmEapWov8HMRyUS0tNSR2MuU8OMgErvB+ZqJ714Ilcs02dZXmTiK/dNEtmXoa1L77ePOoYrdje5xtebVPTvcn6BRghrKsZlWX3GIE6QIUSCGQAJNHMFHzucADXjIyB2hQ04RSR sX6GKY3oIqQYVP9pzzKVcHJZtwbXLm1h1yl4ivotPFHD0pdYrY7ObaeGEzG/a33B2b0/zbFb9BmSsmq3FG9i/fh/L/vpwVF6xFUnn5R9UabSzbaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGFfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQuN743+C1kJ9pd7YWqw1V8s7UcEMZjHP xi+hiXVsosXUMa5xg1vn0rlz7p2Hd6nTU3qm8WU4j2+qBpv9</latexit><latexit sha1_base64="GJcfG17hgyf1zdIzTqd1/iL0jIQ=">AAAC9XicjVLLSsQwFD3W1/gedemmOAiuho4I6m7QjbhScHygIm3NaLAv 0lSUYb7CrboSt36Pf6DgR3gSK/hANKXpybnn3PTmJsgimWvPe+pxevv6BwYrQ8Mjo2PjE9XJqZ08LVQoWmEapWov8HMRyUS0tNSR2MuU8OMgErvB+ZqJ714Ilcs02dZXmTiK/dNEtmXoa1L77ePOoYrdje5xtebVPTvcn6BRghrKsZlWX3GIE6QIUSCGQAJNHMFHzucADXjIyB2hQ04RSR sX6GKY3oIqQYVP9pzzKVcHJZtwbXLm1h1yl4ivotPFHD0pdYrY7ObaeGEzG/a33B2b0/zbFb9BmSsmq3FG9i/fh/L/vpwVF6xFUnn5R9UabSzbaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGFfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQuN743+C1kJ9pd7YWqw1V8s7UcEMZjHP xi+hiXVsosXUMa5xg1vn0rlz7p2Hd6nTU3qm8WU4j2+qBpv9</latexit><latexit sha1_base64="GJcfG17hgyf1zdIzTqd1/iL0jIQ=">AAAC9XicjVLLSsQwFD3W1/gedemmOAiuho4I6m7QjbhScHygIm3NaLAv 0lSUYb7CrboSt36Pf6DgR3gSK/hANKXpybnn3PTmJsgimWvPe+pxevv6BwYrQ8Mjo2PjE9XJqZ08LVQoWmEapWov8HMRyUS0tNSR2MuU8OMgErvB+ZqJ714Ilcs02dZXmTiK/dNEtmXoa1L77ePOoYrdje5xtebVPTvcn6BRghrKsZlWX3GIE6QIUSCGQAJNHMFHzucADXjIyB2hQ04RSR sX6GKY3oIqQYVP9pzzKVcHJZtwbXLm1h1yl4ivotPFHD0pdYrY7ObaeGEzG/a33B2b0/zbFb9BmSsmq3FG9i/fh/L/vpwVF6xFUnn5R9UabSzbaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGFfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQuN743+C1kJ9pd7YWqw1V8s7UcEMZjHP xi+hiXVsosXUMa5xg1vn0rlz7p2Hd6nTU3qm8WU4j2+qBpv9</latexit>
fJ/2
<latexit sha1_base64="y7gnX1TIEMy7ViPypZncCUPyAFI=">AAAC93icjVLLSsNAFD3G97vq0k2wCK5qWgR1V3QjrhSMFtpSkum0Ds2L yUTU4me4VVfi1s/xDxT8CO+MEdQidUImZ849507u3PGTQKTKcV5GrNGx8YnJqemZ2bn5hcXC0vJpGmeScZfFQSxrvpfyQETcVUIFvJZI7oV+wM/83r6On11wmYo4OlFXCW+GXjcSHcE8RVS90+o3ZGgf3mxWWoWiU3LMsAdBOQdF5OMoLryjgTZiMGQIwRFBEQ7gIaWnjjIcJMQ10SdOEhI mznGDGfJmpOKk8Ijt0dylVT1nI1rrnKlxM9oloFeS08Y6eWLSScJ6N9vEM5NZs3/l7puc+t+u6OvnuUJiFc6JHeb7Uv7fl1LFGdUiSHk5pGqFDnZMtYIciWH0ObB8v8ycn67R/la/ogwJcRq3KS4JM+P86ohtPKk5Jd0Fz8RfjVKzes1ybYY3XQ9dhfLvxg8Ct1LaLZWPt4rVvfxOTGEVa9i gxm+jigMcwTWtucUd7q1r68F6tJ4+pdZI7lnBj2E9fwDy5Zxy</latexit><latexit sha1_base64="y7gnX1TIEMy7ViPypZncCUPyAFI=">AAAC93icjVLLSsNAFD3G97vq0k2wCK5qWgR1V3QjrhSMFtpSkum0Ds2L yUTU4me4VVfi1s/xDxT8CO+MEdQidUImZ849507u3PGTQKTKcV5GrNGx8YnJqemZ2bn5hcXC0vJpGmeScZfFQSxrvpfyQETcVUIFvJZI7oV+wM/83r6On11wmYo4OlFXCW+GXjcSHcE8RVS90+o3ZGgf3mxWWoWiU3LMsAdBOQdF5OMoLryjgTZiMGQIwRFBEQ7gIaWnjjIcJMQ10SdOEhI mznGDGfJmpOKk8Ijt0dylVT1nI1rrnKlxM9oloFeS08Y6eWLSScJ6N9vEM5NZs3/l7puc+t+u6OvnuUJiFc6JHeb7Uv7fl1LFGdUiSHk5pGqFDnZMtYIciWH0ObB8v8ycn67R/la/ogwJcRq3KS4JM+P86ohtPKk5Jd0Fz8RfjVKzes1ybYY3XQ9dhfLvxg8Ct1LaLZWPt4rVvfxOTGEVa9i gxm+jigMcwTWtucUd7q1r68F6tJ4+pdZI7lnBj2E9fwDy5Zxy</latexit><latexit sha1_base64="y7gnX1TIEMy7ViPypZncCUPyAFI=">AAAC93icjVLLSsNAFD3G97vq0k2wCK5qWgR1V3QjrhSMFtpSkum0Ds2L yUTU4me4VVfi1s/xDxT8CO+MEdQidUImZ849507u3PGTQKTKcV5GrNGx8YnJqemZ2bn5hcXC0vJpGmeScZfFQSxrvpfyQETcVUIFvJZI7oV+wM/83r6On11wmYo4OlFXCW+GXjcSHcE8RVS90+o3ZGgf3mxWWoWiU3LMsAdBOQdF5OMoLryjgTZiMGQIwRFBEQ7gIaWnjjIcJMQ10SdOEhI mznGDGfJmpOKk8Ijt0dylVT1nI1rrnKlxM9oloFeS08Y6eWLSScJ6N9vEM5NZs3/l7puc+t+u6OvnuUJiFc6JHeb7Uv7fl1LFGdUiSHk5pGqFDnZMtYIciWH0ObB8v8ycn67R/la/ogwJcRq3KS4JM+P86ohtPKk5Jd0Fz8RfjVKzes1ybYY3XQ9dhfLvxg8Ct1LaLZWPt4rVvfxOTGEVa9i gxm+jigMcwTWtucUd7q1r68F6tJ4+pdZI7lnBj2E9fwDy5Zxy</latexit><latexit sha1_base64="y7gnX1TIEMy7ViPypZncCUPyAFI=">AAAC93icjVLLSsNAFD3G97vq0k2wCK5qWgR1V3QjrhSMFtpSkum0Ds2L yUTU4me4VVfi1s/xDxT8CO+MEdQidUImZ849507u3PGTQKTKcV5GrNGx8YnJqemZ2bn5hcXC0vJpGmeScZfFQSxrvpfyQETcVUIFvJZI7oV+wM/83r6On11wmYo4OlFXCW+GXjcSHcE8RVS90+o3ZGgf3mxWWoWiU3LMsAdBOQdF5OMoLryjgTZiMGQIwRFBEQ7gIaWnjjIcJMQ10SdOEhI mznGDGfJmpOKk8Ijt0dylVT1nI1rrnKlxM9oloFeS08Y6eWLSScJ6N9vEM5NZs3/l7puc+t+u6OvnuUJiFc6JHeb7Uv7fl1LFGdUiSHk5pGqFDnZMtYIciWH0ObB8v8ycn67R/la/ogwJcRq3KS4JM+P86ohtPKk5Jd0Fz8RfjVKzes1ybYY3XQ9dhfLvxg8Ct1LaLZWPt4rVvfxOTGEVa9i gxm+jigMcwTWtucUd7q1r68F6tJ4+pdZI7lnBj2E9fwDy5Zxy</latexit>
2fJ
<latexit sha1_base64="S+exV0agCxOvyNG3jTF9KzQIrUQ=">AAAC9nicjVLLSsQwFD3W93vUpZviILgaOiKoO9GNuFJwVNRB2prRMH2R puIw+Bdu1ZW49Xf8AwU/wpNYwQeiKU1Pzj3npjc3QRbJXHveU4/T29c/MDg0PDI6Nj4xWZma3svTQoWiEaZRqg4CPxeRTERDSx2Jg0wJPw4isR+0N0x8/0KoXKbJru5kohn7Z4lsydDXpA4XWyfdYxW7W1cnlapX8+xwf4J6Caoox3ZaecUxTpEiRIEYAgk0cQQfOZ8j1OEhI9dEl5wikjYu cIUReguqBBU+2TbnM66OSjbh2uTMrTvkLhFfRaeLeXpS6hSx2c218cJmNuxvubs2p/m3Dr9BmSsmq3FO9i/fh/L/vpwVF6xFUnn5R9UaLazYaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGVfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQv1743+CxmJttVbfWaqurZd3YgizmMMCG7+M NWxiGw2mTnCNG9w6HefOuXce3qVOT+mZwZfhPL4BUJKcOQ==</latexit><latexit sha1_base64="S+exV0agCxOvyNG3jTF9KzQIrUQ=">AAAC9nicjVLLSsQwFD3W93vUpZviILgaOiKoO9GNuFJwVNRB2prRMH2R puIw+Bdu1ZW49Xf8AwU/wpNYwQeiKU1Pzj3npjc3QRbJXHveU4/T29c/MDg0PDI6Nj4xWZma3svTQoWiEaZRqg4CPxeRTERDSx2Jg0wJPw4isR+0N0x8/0KoXKbJru5kohn7Z4lsydDXpA4XWyfdYxW7W1cnlapX8+xwf4J6Caoox3ZaecUxTpEiRIEYAgk0cQQfOZ8j1OEhI9dEl5wikjYu cIUReguqBBU+2TbnM66OSjbh2uTMrTvkLhFfRaeLeXpS6hSx2c218cJmNuxvubs2p/m3Dr9BmSsmq3FO9i/fh/L/vpwVF6xFUnn5R9UaLazYaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGVfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQv1743+CxmJttVbfWaqurZd3YgizmMMCG7+M NWxiGw2mTnCNG9w6HefOuXce3qVOT+mZwZfhPL4BUJKcOQ==</latexit><latexit sha1_base64="S+exV0agCxOvyNG3jTF9KzQIrUQ=">AAAC9nicjVLLSsQwFD3W93vUpZviILgaOiKoO9GNuFJwVNRB2prRMH2R puIw+Bdu1ZW49Xf8AwU/wpNYwQeiKU1Pzj3npjc3QRbJXHveU4/T29c/MDg0PDI6Nj4xWZma3svTQoWiEaZRqg4CPxeRTERDSx2Jg0wJPw4isR+0N0x8/0KoXKbJru5kohn7Z4lsydDXpA4XWyfdYxW7W1cnlapX8+xwf4J6Caoox3ZaecUxTpEiRIEYAgk0cQQfOZ8j1OEhI9dEl5wikjYu cIUReguqBBU+2TbnM66OSjbh2uTMrTvkLhFfRaeLeXpS6hSx2c218cJmNuxvubs2p/m3Dr9BmSsmq3FO9i/fh/L/vpwVF6xFUnn5R9UaLazYaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGVfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQv1743+CxmJttVbfWaqurZd3YgizmMMCG7+M NWxiGw2mTnCNG9w6HefOuXce3qVOT+mZwZfhPL4BUJKcOQ==</latexit><latexit sha1_base64="S+exV0agCxOvyNG3jTF9KzQIrUQ=">AAAC9nicjVLLSsQwFD3W93vUpZviILgaOiKoO9GNuFJwVNRB2prRMH2R puIw+Bdu1ZW49Xf8AwU/wpNYwQeiKU1Pzj3npjc3QRbJXHveU4/T29c/MDg0PDI6Nj4xWZma3svTQoWiEaZRqg4CPxeRTERDSx2Jg0wJPw4isR+0N0x8/0KoXKbJru5kohn7Z4lsydDXpA4XWyfdYxW7W1cnlapX8+xwf4J6Caoox3ZaecUxTpEiRIEYAgk0cQQfOZ8j1OEhI9dEl5wikjYu cIUReguqBBU+2TbnM66OSjbh2uTMrTvkLhFfRaeLeXpS6hSx2c218cJmNuxvubs2p/m3Dr9BmSsmq3FO9i/fh/L/vpwVF6xFUnn5R9UaLazYaiUdmWXMOYTlfoU9P1Oj+6l+zQwZOYNPGVfEoXV+dMS1ntyekumCb+PPVmlYsw5LbYEXUw+vQv1743+CxmJttVbfWaqurZd3YgizmMMCG7+M NWxiGw2mTnCNG9w6HefOuXce3qVOT+mZwZfhPL4BUJKcOQ==</latexit>
Fig. 6 Josephson emission in trivial and topological Josephson junctions – In the first column
(a,c,e), an emission spectrum (amplitude A) taken at f = 3GHz is plotted in green, alongside with
the I–V curve of the device under consideration (depicted in blue). In the second column (b,d,f),
the collected microwave amplitude A is presented as a colorplot, as a function of frequency f and
voltage V . For better visibility, the data is normalized to its maximum for each frequency, and
white guidelines indicate the fJ, fJ/2 and 2 fJ lines (see panel b). The topologically trivial quantum
well is shown in the first line (a, b) while the second (c, d) and third (e, f) show respectively the
3D topological weak links and the 2D ones (taken at Vg = −0.55V). In panel c, the current I
is actually the total bias current, sum of the current in the shunt resistor Rs and in the junction
branches (Fig.5a). The second resistor RI has been here suppressed. This simplified circuit does
not enable a proper measurement of the current in the junction only, but provides a correct readout
of voltage V .
Emission line at fJ/2 The observation of emission at half the Josephson frequency
is illustrated for f = 3GHz in panels 6c and 6e. As seen for the 3D TI, the emission
at fJ/2 is sometimes concomitant with emission at fJ, depending on frequency or
gate voltage. We detail below these aspects.
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Besides, a recurring observation is that the linewidth of the emission line at fJ/2
is also larger (by up to a factor 10) than the conventional line at fJ. For instance in
the quantum wells, both the topological and trivial devices exhibit a line at fJ with
a typical width of δV2pi ' 0.5−0.8µV. The linewidth at fJ/2 exhibits values over a
larger range, with widths in the range δV4pi ' 0.5−8µV.
Dependence on frequency We first discuss the data collected on the 3D topolog-
ical insulator. In this device, we observe that the fJ/2 line is dominant for a large
range of voltages (12 to 35 µV) or equivalently of frequencies (3 to 9 GHz). Out-
side that range, the conventional emission at fJ dominates. The data collected on
the 2D topological insulator (Fig.6b) is measured in the vicinity of the quantum
spin Hall regime. In that case, the emission is clearly dominated by the fJ/2 line
below f = 5.5GHz, before the conventional line at fJ is recovered. We propose an
interpretation of the influence of frequency in Section 4.
In both cases, the emission lines deviate from the expected emission lines and
a more complex structures with broadening, and multiple peaks is observed. We
have identified resonant modes in the electromagnetic environment. In a dynamical
Coulomb blockade situation, they possibly alter the emission spectrum in that range
(see [58]) and are known to result in emission at fJ/2. Nevertheless, they cannot
solely explain the fractional Josephson effect. Indeed, these are second-order pro-
cesses in Rn/RK (with RK = he2 ) and the amplitude of the fJ/2 line always remains
of lesser amplitude than standard emission at fJ [67, 68].
Dependence on gate voltage (2D TI) As mentioned earlier, devices fabricated
from 2D topological insulators enable to tune the electron density via the gate
voltage Vg. We have clearly observed in these devices three regimes in the emit-
ted power, that correlate with the expected band structure, as reported in Fig.4b.
When the gate voltage is above Vg > −0.4V, we observe that emission occurs for
fJ/2 is observed at low frequency, but the conventional line is recovered and domi-
nates above typically 5 GHz. These observations suggest transport in the conduction
band of the quantum well, where gapless Andreev bound states have been seen to
coexist with n-type conventional states, in agreement with previous observations
and predictions [57, 69]. However, in a narrower gate range −0.8V <Vg <−0.6V,
one observes almost exclusively emission at half the Josephson frequency fJ/2 up
to very high frequencies (circa 8-9 GHz). We attribute this observation to the quan-
tum spin Hall regime, where edge states are the dominant transport channel. For
Vg <−0.8V, the Josephson radiation at fJ/2 is weakly visible, which suggests that
the gapless Andreev modes more rapidly hybridize with bulk p-type conventional
modes of the valence band. The overall gate voltage dependence is consistent with
the expected band structure of a quantum spin Hall insulator, as presented in Fig.2b,
but a quantitative description of the features remains difficult due to the observed
irregularities in the emission lines.
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3.2 Observation of even sequences of Shapiro steps
3.2.1 Conventional Shapiro response
We now turn to the second signature of the fractional Josephson effect, namely
the observation of even sequences of Shapiro steps. Under microwave excitation at
frequency f , the presence or absence of steps can be observed directly in the I–V
curves, but are conveniently highlighted by binning the measurement data according
to the voltage. For Vn = nh f/2e with n integer, Shapiro steps then appear as peaks
in the bin counts, their amplitude then reflects the current range over which the DC
voltage stays fixed. In Fig.7, we present I–V curves for a given power of microwave
irradiation (a,b,c), the histograms resulting from the binning as bar plots (d,e,f) and
finally the same histograms in a colorplot function of voltage V and microwave
power PRF.
We first concentrate on the trivial Josephson junction as a reference situation
(first column). Panels 7a and 7b illustrate for f = 5.64GHz the observation of all
steps (odd and even), regardless of gate voltage Vg, or excitation frequency f . The
response is similar to that of other systems such as carbon nanotubes [70], graphene
[71], Bi2Se3 [72] weak links, or the well-defined and meticulously analyzed case of
atomic contacts [12]. The amplitude of steps (along the bin counts axis) and height
(along the voltage axis) are both reduced with decreasing frequency, and a correct
resolution of the steps is only possible down to circa 500 MHz. The evolution with
power is shown in panel g). At zero microwave power (PRF = 0), a single peak at
V = 0 indicates the supercurrent. As PRF increases, Shapiro steps appear, starting
from low values of n, while the amplitude of the supercurrent (n= 0) decreases and
eventually vanishes. For sufficiently high powers, an oscillatory pattern occurs in
the amplitude of steps, as predicted for conventional Josephson junctions submitted
to a voltage or current bias [56, 73].
We also point out that we occasionally observe (in trivial and topological weak
links) so-called subharmonic steps, i.e. steps for voltages pq
h f
2e for q = 2 or 3,
and p integer. These subharmonic steps are observed at high frequencies, in a
regime where both conventional and topological weak links exhibit a conventional
Josephson effect (see next paragraphs). Such subharmonic steps are ubiquitous in
Josephson junctions. They indicate a non-trivial phase locking condition, namely
φ(t+ q/ f ) = φ(t)+ 2ppi . They are known to result from non-linearities, stray ca-
pacitive coupling between the superconducting electrodes, or higher harmonics in
the current-phase relations. The latter have been predicted [15] and detected [54] in
our junctions.
3.2.2 Shapiro response of topological Josephson junctions
As discussed in Section 1, for topological Josephson junctions, the presence of 4pi-
periodic supercurrents can in principle lead to the disappearance of odd steps, while
even steps are preserved. First signs of the possible disappearance of the n= 1 step
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Fig. 7 Shapiro steps in trivial and topological Josephson junctions – In the first line (a,b,c), typical
I–V curves the device under consideration are plotted. They exhibit Shapiro steps, the step index
of which can be read from the normalized voltage V . In the second line (d,e,f), the histograms
corresponding to the previous I–V curves are shown as barplots and highlight the vanishing of
odd steps (indicated by red arrows) in 2D and 3D topological weak links. Finally, the last line
(g,h,i) presents colorplots obtained from the previous histograms, as a function of voltage V and
microwave power PRF. The first column (a,d,g) shows data from a reference non-topological device
(for f = 5.64GHz), the second column (b,e,h) from a 3D topological insulator ( f = 1GHz), and
the last column (c,f,i) from a 2D topological insulator ( f = 1GHz).
have been reported in etched InAs nanowires [74], driven by the predicted topologi-
cal phase transition when a magnetic field is applied along the axis of the nanowire.
Our observations made on the HgTe-based Josephson junctions [65, 57] have con-
clusively improved the data, and exhibit the disappearance of several odd steps in
devices made of 2D as well as 3D topological insulators.
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Even sequence of Shapiro steps Data obtained on 3D topological insulators are
presented in the second column of Fig.7. The I–V clearly exhibits very strong
n = 0(supercurrent),2,4 steps but the steps n = 1 and 3 are strongly suppressed.
For higher voltages, the steps n ≥ 5 are not resolved at such power. In the original
work of Wiedenmann et al., only the n = 1 step was missing [65]. This new data
thus shows a stronger 4pi-periodic behaviour and confirms that the disappearance of
Shapiro steps is not related to hysteresis [75]. Similar features have been observed
in devices fabricated from HgTe-based topological insulators exhibiting the QSH
effect [57], and are summarized in the third column of Fig.7. The line cut of panel
c and the corresponding histogram (panel f) exhibits in particular the clear suppres-
sion of steps n = 1,3,5. At even lower frequencies it has been possible to measure
an even sequence of Shapiro steps up to n= 10.
Dark fringes in the oscillatory pattern The absence of odd steps is also remark-
ably clear on the colorplot of panel h of Fig.7 where the steps n = 1 and 3 are
suppressed, and n = 5 weakly visible (3D TI), and in panel i for which the steps
n = 1,3,5 are suppressed (2D TI) for low microwave amplitude. Interestingly, the
oscillatory pattern at higher microwave power is also modified : darker fringes (high-
lighted with white dashes) occur from the suppression of the first and third maxima
of the oscillations. They suggest the progressive transformation from a 2pi- to a
4pi-periodic pattern with a halved period of oscillations. Despite some unexplained
deviations, the colorplot of the 2D TI confirms the absence of odd steps and exhibits
even more pronounced dark fringes in the oscillatory pattern.
Dependence on frequency An important parameter that we emphasize now is the
choice of the excitation frequency f . In analogy with the emission line at fJ/2, only
visible at low frequencies, the even sequence of Shapiro steps is only observed when
f is low. For high frequencies, the Shapiro response is conventional, and all step
indices n are present. As f decreases, the odd steps progressively vanish, starting
from low values of n. This is visible for example in Fig.8. While odd steps are
as visible as even ones at high frequencies ( f = 6.6GHz), they are progressively
suppressed as f decreases. At the lowest accessible frequency ( f = 0.8GHz), all
odd steps up to n = 9 are absent. This remarkable effect of frequency is similar to
the one observed in the Josephson emission features, for which the line at fJ/2 is
mostly visible at low frequency. We analyze this behavior in Section 4.1.
4 Analysis : assessing the topological origin of the fractional
Josephson effect
The data summarized in this article exhibits two pieces of evidence of a strong
4pi-periodic fractional Josephson effect, despite the obstacles to its observa-
tion listed in Subsection 1.3.2. We analyze in this section the possible (trivial
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Fig. 8 Histograms of Shapiro steps – Histograms of the voltage distribution obtained for different
frequencies are shown. For a high frequency f = 6.6GHz, all steps are visibles. For lower frequen-
cies, steps n = 1 and 3 vanish ( f = 1.8GHz), and up to n = 9 at f = 0.8GHz. Missing odd steps
are highlighted by red arrows.
or topological) origins of these features. First, we present an extended RSJ
(Resistively Shunted Junction) model that includes a 4pi-periodic supercur-
rent. It enables a semi-quantitative analysis of our experimental results, and
importantly yields an estimate of the amplitude of the 4pi-periodic supercur-
rent, compatible with a topological origin. Then, we analyze more in depth
the effects of time-reversal and parity symmetry breaking, and Landau-Zener
transitions, following the discussion of Section 1.3.2.
4.1 Modeling of a topological Josephson junction with 2pi- and
4pi-periodic modes
It is possible to calculate, at a microscopic level, the Andreev spectrum of a topo-
logical Josephson junctions in the zero bias equilibrium situation under various as-
sumptions [2, 17, 15, 16]. However, it is much more difficult to compute at the
same elementary level the time-dependent response to a bias voltage or current, that
emerges from the non-linear Josephson equations [76, 77], especially in the current-
bias situation that is experimentally most relevant. To simulate the response of our
devices, we turn to the RSJ model [78, 79, 73], in which we incorporate both 2pi-
and 4pi-periodic supercurrents [33, 52, 57, 80].
Framework of the RSJ model and modeling The RSJ model and its variants are
commonly used to define the time-averaged voltage measured when a Josephson
junction is submitted to a dc current bias. The universally valid time-evolution of
the phase difference dφ/dt = 2eV/h¯ is combined with the current-phase relation
I2D/3D(φ) derived from microscopic models (Section 1.3). The junction is associ-
ated to a resistive shunt to capture the ohmic transport of electrons (Fig.9a). Under
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Fig. 9 Circuits for RSJ simulations – a) Standard RSJ representation, with the Josephson junction
carrying a supercurrent IS(ϕ) in parallel with a shunt resistance Rn. b) Modified RSJ circuit taking
into account additional measurement setup with resistors RI and RS. Adapted from [58]
current bias I = Idc+ Irf sin(2pi f t), one easily obtains a first order ordinary differen-
tial equation:
h¯
2eRn
φ˙ + Is(φ) = Idc+ Irf sin(2pi f t) (8)
For different values of I2pi and I4pi , we simulate the results of this equation using
a simple Runge-Kutta algorithm (RK4). We obtain the I–V curve without (Irf = 0)
or with microwave excitation (Irf 6= 0) to investigate Shapiro steps, or the Fourier
spectrum of the voltage for the study of Josephson emission.
This model does not take into account all microscopic details, (for example Rn
and Is are assumed to be independent of voltage, which in reality may not be true).
It nonetheless captures the key aspects of the dynamic Josephson current relevant
to our observations. Besides, the more complicated bias circuit used to stabilize
Josephson emission (Fig.9b) can be readily implemented. This circuit is indeed de-
scribed by Eq.8, with the substitutions Rn → R˜n such that 1R˜n =
1
Rn
+ 1RS +
RI
RSRn
,
and Ic→ I˜c = Ic
(
1+ RIRS
)
. Simulations performed in the standard RSJ model can be
adapted to this new setup. The experimental data is then more naturally presented
as a function of I1 rather than I, which is obtained from I1 =
I− VJRS
1+ RIRS
.
4.1.1 Simulations of the response of a topological Josephson junction
We give in this section a summary of the major results of the simulations. A com-
prehensive presentation of the simulation can be found in Refs.[65, 58, 80].
Necessity of the 4pi-periodic contribution This framework enables a complete
analysis of our results. As expected, the simulations emphasize the absolute neces-
sity of a 4pi-periodic contribution to observe the vanishing of odd Shapiro steps or
Josephson at half the Josephson frequency fJ/2. Indeed, the exact definition of the
2pi-periodic supercurrent, namely the presence of higher harmonics (sin2φ terms for
example), have marginal influence on the observed disappearance of the odd steps,
but the presence of a 4pi-periodic contribution is required to produce the signatures
of the fractional Josephson effect.
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Fig. 10 Modeling Josephson Emission – a) Simulated I–V curve (blue) fitting measured data
(red) The simulations are performed for RI = RS = 24Ω (nominal value of the resistors), Rn =
130Ω, I4pi = 100nA, and Ic = 240nA. b) Simulated Fourier transform of the voltageV in the junc-
tion, as function of frequency f and voltage V , with the same parameters as in a). Adapted from
[58]
This requirement contrasts with additional subharmonic Shapiro steps or Joseph-
son emission at higher harmonics (2 fJ) which naturally appear in the simulations.
They result from either non-sinusoidal current-phase relations or also from the ad-
dition of a small capacitive coupling in the RSJ equations (see below) [81, 82].
Josephson emission spectrum and Shapiro steps The numerical solutions to the
RSJ equations give access to the time-dependent quantity φ(t), and allow for the
study of the Fourier spectrum of the voltage, which is, (up to an unknown and
frequency-dependent coupling factor) the quantity A plotted in Section 3.1. First
setting the critical current Ic and the normal state resistance Rn to optimally fit the
experimental I–V curve (see Fig.10a), we adjust the ratio I4pi/I2pi (keeping Ic con-
stant) to obtain the best visual agreement between the experimental (Fig.6f) and
simulated (Fig.10b) emission spectra.
In the present case, the simulated emission features reproduce semi-quantitatively
the observed ones. In particular, as in the measurements, the fJ/2 emission line
dominates at low frequency while the fJ takes over at higher frequencies. However,
the crossover between the two regimes at f ' 6GHz is however smoother than the
measured one.
Similarly, we have been able to reproduce sequences of even Shapiro using
the extended RSJ model. In particular, we observe the vanishing of all Shapiro
steps only when a 4pi-periodic supercurrent is present (see [65]). As the excitation
frequency f decreases, we observe a transition from a conventional 2pi-periodic
Shapiro step pattern to a fractional 4pi-periodic one. The crossover qualitatively
describes our experimental observation, but in this model all odd steps vanish si-
multaneously, while our experiments exhibit a progressive disappearance starting
from low values of the step index n (see Fig.8). We discuss the peculiar effect of
frequency in the next paragraph.
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Role of frequency - Estimating the 4pi-periodic supercurrent The puzzling de-
pendence of the fJ/2 emission line or the sequence of Shapiro steps in fact signals
the transition from 2pi- to 4pi-periodic dynamics, and intrinsically results from the
non-linearities of the RSJ equation (Eq.8). It has first been elucidated and later clar-
ified by Dominguez et al. [33, 80], and we refer the reader to these two publica-
tions for details. The transition is controlled by the 4pi-periodic supercurrent I4pi or
equivalently the voltage V4pi = RnI4pi or the frequency scale f4pi =
2eRnI4pi
h . For an
excitation frequency f  f4pi (Shapiro steps) or a bias such that V  V4pi (Joseph-
son emission), the dynamics of the phase φ(t) is rather slow and very non-linear:
V (t) is a very anharmonic function of t, and becomes sensitive to the presence of
the 4pi-periodic component. There, signatures of the fractional Josephson effect are
very prominent. On the opposite, for f  f4pi or V  V4pi , V (t) is sinusoidal and
rather insensitive to the 4pi-periodic contribution, so that the response of the device
is comparable to conventional Josephson junction.
The identification of the crossover frequency in both experiments consequently
provides a criterion to estimate the amplitude I4pi of the 4pi-periodic supercurrent,
and compare it to theoretical expectations. We expect two modes to contribute in
the 2D topological insulator (one edge mode on either edge), and one mode (θ = 0)
for the 3D topological insulator. A perfectly transmitted mode carries in the short
junction limit a supercurrent of maximum amplitude e∆ih . In all tested devices, we
found amplitudes ranging from 50 to 300 nA. Knowing ∆i, this corresponds to 1 to
5 modes. This is roughly compatible with theoretical predictions, though it slightly
exceeds them. It is likely that the large uncertainty on ∆i as well as the crude ap-
proximations of the RSJ model explain an improper estimate of I4pi . For example,
we discuss below the influence of a capacitive coupling added to the RSJ equation
(RCSJ model).
4.1.2 Beyond the RSJ model
Our analysis has so far been based on an extended RSJ model taking into account
a 4pi-periodic contribution to the supercurrent. It provides a simple analysis and in-
terpretation of our results, but several ingredients can be improved. The influence
of a capacitive term in the RSJ equation can be important at microwave frequen-
cies, and can be easily accounted for in the RCSJ model (Resistively and Capaci-
tively Shunted Junction). This has been investigated in a recent study [83], which
demonstrates that I4pi can be overestimated with the above criterion even for small
capacitances. Though it is difficult to estimate quantitatively C, it may explain the
discrepancies on I4pi between theory and experiments. Besides, in that model, the
odd Shapiro steps are observed to vanish one by one (starting from low values of
the step index n) rather than altogether in the RSJ model. This appears to be more
in agreement with our data. Based on our estimates [37, 57], the geometrical con-
tribution to the capacitance between the two superconducting electrodes is however
quite small. It has nevertheless be recently pointed out that Andreev bound states
with high transparencies contribute to an intrinsic capacitance in mesoscopic de-
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vices, and may for example explain the observed hysteresis in the DC I–V curves
[51].
At this point, we would like to point out that it is easy to expand arbitrarily
the non-linear differential equation with additional terms. Instead, we believe that
the most rigorous but also most challenging approach is to construct a full micro-
scopic understanding of the dynamics of the Andreev levels, including relaxation
processes, and hence the dynamics of the currents and voltages.
4.2 Time-reversal and parity symmetry breaking, and
Landau-Zener transitions
In this section, we review the influence of several mechanisms which are expected
to obscure the fractional Josephson effect (Section 1.3.2) but can not be easily taken
into account in the preceding RSJ model.
4.2.1 Time-reversal symmetry breaking
We have first pointed out that time-reversal symmetry in our devices imposes a de-
generacy of Andreev bound states at φ ≡ 0 mod 2pi], which tends to restore the
2pi-periodicity due to enhanced parity relaxation, or on the opposite create 8pi-
periodicity under the effect of electron-electron interactions. We have not detected
any signal indicating an 8pi-periodic Josephson effect (such as Josephson emission
at fJ/4), but in contrast clearly observe a 4pi-periodic fractional Josephson effect.
In our view, current models of topological Josephson junctions are partially
inadequate and overlook important microscopic details. Though in our experi-
ments time-reversal symmetry is not explicitly broken by a magnetic field or
magnetic impurities, other mechanisms implicitly break time-reversal symmetry
[84, 85, 86, 87, 88, 29, 89], thus decoupling the Andreev spectrum from the con-
tinuum. Such mechanisms are for example in line with the observed weak stability
of conductance quantization in the QSH regime [45, 46]. The role of two-particle
inelastic scattering has also been recently highlighted [90]. Descriptions based on
hard superconducting gaps also overlook the complexity of the density of states in
induced systems [91, 92], in which the behaviour of Andreev bound states remains
poorly understood.
More experiments are required to characterize the induced superconducting state,
with techniques such as point contact Andreev spectroscopy, already successfully
employed on 3D topological insulators [10, 93, 52].
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4.2.2 Landau-Zener transitions and parity relaxation mechanisms
The role of Landau-Zener transitions and parity relaxation mechanisms must be
emphasized as they are expected to strongly influence the response of Josephson
junctions, in particular at low frequency. These two processes cannot, to our under-
standing, easily be disentangled. We subsequently evaluate in parallel both possibil-
ities.
Low-frequency behavior First, non-adiabatic Landau-Zener transitions can en-
force a fractional Josephson effect from (sufficiently) driven gapped states. As a
result of the Josephson equation dφdt =
2eV
h¯ , the phase φ(t) will vary faster as the
voltage (or current) bias increases. Second, parity relaxation mechanism define a
lifetime τ of the gapless Andreev bound states. When driven sufficiently rapidly, i.e.
at characteristic frequencies f such that f τ  1, a topological Josephson junction
can exhibit a 4pi-periodic response. On long times, the system however thermalizes
to a conventional 2pi-periodic response. In both cases, the Josephson effect should
be conventional at low bias/low frequency, and turn into a fractional one above a
crossover voltage Vc, as non-adiabatic processes are progressively activated.
Our observations show in 2D topological insulators that the two signatures of a
fractional Josephson effect are observed down to the lowest observables frequencies
(' 1GHz). Potential Landau-Zener transitions would thus be activated at a voltage
VLZ  4µV. This sets an strict upper bound on a possible residual avoided crossing
δ 
√
VLZ∆i
8pi = 4µeV [25, 94], equivalent to large transmissions D 0.995. This
strong constraint on the transmission thus tends to exclude Landau-Zener transitions
as the origin for the 4pi-periodic emission and suggests that the contributing bound
states are indeed gapless.
Josephson junctions based on 3D topological insulators have mostly shown the
same behavior (see [58]), with a strong fJ/2 emission line at low frequency. The
device presented in this article (Fig.6d) shows however a different behavior: a resur-
gence of the conventional fJ emission line is clearly visible for f < 2GHz while
the signal at fJ/2 vanishes. Assuming Landau-Zener transitions are responsible for
this transition around VLZ ' 8µV, we find a gap on the order of δ = 6µV and a
transmission D' 0.995 (with ∆i = 100µV).
Emission linewidths The finite lifetime of gapless Andreev bound states due to
parity relaxation processes or Landau-Zener transitions can strongly affect the
linewidth of the Josephson emission. For conventional Josephson radiation, the
linewidth is in principle related to fluctuations in the pair or quasiparticle currents
[95, 96] or can be dominated by the noise in the environment [66]. The linewidth at
fJ/2 can additionally reflect the influence of parity relaxation mechanisms [23, 20].
A difference in the linewidths of the two emission lines is clearly visible in our
data. In the quantum wells, the extracted width (δV2pi ' 0.5− 0.8µV) of the fJ
emission line can be converted to a coherence time τ2pi = h2eδV2pi ' 3−4ns. We find
a shorter coherence time τ4pi ' 0.3−4ns for the fJ/2 emission line. The linewidth is
found to increase when the gate voltage Vg is driven deeper in the conduction band.
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This may signal a decrease of lifetime when the 4pi-periodic modes are coupled
to an increasing number of 2pi-periodic modes or to the continuum via ionization
processes. We finally point out that the extracted lifetimes are consistent with the
Shapiro steps being observable down to typically 0.5 to 1 GHz [57].
For the 3D topological device presented here, we find larger linewidths. The con-
ventional fJ line with typically δV2pi ' 2−3µV corresponding to τ2pi ' 0.7−1ns,
while the fractional line has a width of δV4pi ' 4−7µV, yielding τ4pi ' 0.25−0.5ns.
The difference of time scales between the 2D and 3D devices has been observed on
several junctions but is not understood yet.
5 Summary, conclusions and outlook
We end this article with a summary of our observations, our conclusions and an
outlook towards future experiments.
Summary and conclusions The existence of 4pi-periodic supercurrents has been
demonstrated from two sets of observations in Josephson junctions based HgTe in
both a 2D and 3D topological insulator regime. First, these junctions show even
sequences of Shapiro steps, with several missing odd steps (step indices n = 1,3,5
missing). Secondly, they also exhibit strong Josephson emission at half the Joseph-
son frequency fJ/2 [58]. In contrast, reference devices made of graphene or trivial
HgTe quantum wells do not show any of the above features, but a conventional
Josephson response. Besides, we have presented a model for the junctions based on
an extended RSJ model. It provides a simple yet efficient and plausible explanation
of the transition from a 4pi- to a 2pi-periodic response with frequency or bias. This
model yields the amplitude of the 4pi-periodic supercurrent, found to be compatible
with theoretical predictions, though this estimate is subject to a large uncertainty.
Our analysis of the emission features also sets very strong bounds on the possi-
ble influence of Landau-Zener activation, and provide additional information on the
lifetime of the Andreev bound states. Finally, in junctions based on 2D topologi-
cal insulators, the two signatures of the fractional Josephson effect are found to be
concomitant (with respect to gate voltage). As presented in Fig.4b, they are more
clearly visible when the current flow is mostly along the edges of the sample, and
the bulk bands are depleted. The 4pi-periodic contribution is also detected in the
whole n-conduction band. This suggests that the 4pi-periodic edge modes exist in
parallel with bulk modes on the n-side. This interpretation is consistent with previ-
ous observations and predictions for HgTe [69, 48, 55].
All in all, our observations thus strongly favor the presence of gapless Andreev
bound states in our topological Josephson junctions, as initially predicted by Fu
& Kane [1, 2]. These devices, built from the well-characterized HgTe topological
insulators, thus appear as first steps towards the development of a reliable platform
for the future realization of Majorana end states and possibly scalable Majorana
qu-bits.
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Future objectives The exact microscopic properties of the induced superconduct-
ing state, the presence of purely ballistic modes regardless of topology, or the role
of time-reversal and parity symmetry breaking remains partially unclear. While our
studies provide clear evidence of a supercurrent with 4pi-periodicity, a direct spec-
troscopy of such gapless Andreev bound states (ABS) is still missing. It is highly
desirable as it would confirm the topological origin of the 4pi-periodicity and offer
direct proof of the existence of gapless Majorana-Andreev bound states, as well as
allow to verify the robustness of the topological protection.
This calls for a microscopic description of the induced superconductivity and of
the dynamics of Josephson transport, including relaxation processes. Recent works
have tackled this challenging program in topological systems [76, 97], but the de-
scription of the induced superconductivity remains in many cases rudimental.
From an experimental point of view, some recent works have for example focused
on point contact Andreev spectroscopy [10, 93, 52] to probe the proximity effect
in topological insulators in S-TI junctions. Future experiments will consequently
focus on collecting more direct information on the Andreev spectrum forming in
Josephson junctions, beyond their manifestation in the Josephson effect.
A first method consists in the study of the current-phase relation, which can be
measured in asymmetric SQUIDs [98, 99]. By tuning the electron density via a gate,
the goal is to identify the contribution of the topological modes. For example, the lin-
ear susceptibility ∂ I∂Φ (with Φ the magnetic flux) at high frequency are very sensitive
probes able to reveal the topologically-protected level crossing at φ = pi [94, 100].
Furthermore, the investigation of the switching statistics [98, 29] around the critical
current provides a means to prove that both states of a topological Andreev doublet
have different parities.
The Andreev spectrum of a Josephson junction can also be obtained by means
of tunneling spectroscopy, as already demonstrated in carbon nanotubes [101] or
graphene [102]. A reliable tunnel barrier could for example be obtained from hexag-
onal boron nitride flakes. The junction is then controlled via a phase bias mode by
including the junction in a SQUID geometry, such that the phase difference φ across
the junction is directly set by the magnetic flux through the ring.
A third method relies on microwave spectroscopy techniques: the absorption or
emission of microwaves when at resonance with a transition in the Andreev spec-
trum is monitored [103, 13, 104]. It can be performed in a SQUID geometry to bias
the phase, with the SQUID inductively coupled to a microwave transmission line.
Passing a microwave signal through the waveguide yields absorption lines of the
Andreev spectrum of the junction. Additionally, the emission lines of the junction
can also be measured. Topological Majorana bound states (MBS) then show various
characteristic features [29]. First, since parity is invariable under photon absorption
or emission, the transition between both states of the topological doublet should be
strongly suppressed and only transitions involving the continuum should be visible.
Second, the dispersion of the absorption/emission lines (as function of the magnetic
flux) reflects the special 4pi-periodicity of the bound states. A natural follow-up to
these experiments is then the exploration of topological transmons [105] as a step
towards braiding of Majorana Qubits.
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